Abstract. The Morse method of coding geodesics on a surface of constant negative curvature consists of recording the sides of a given fundamental region cut by the geodesic. For the modular surface with the standard fundamental region each geodesic (which does not go to the cusp in either direction) is represented by a bi-infinite numerical sequence called its geometric code.
Introduction
Let H = {z = x+iy : y > 0} be the upper half-plane endowed with the hyperbolic metric, and Γ be a finitely generated Fuchsian group of the first kind. Oriented geodesics on M = Γ\H, with exception of those which go to a cusp of M in either direction, can be coded with respect to a fixed Dirichlet fundamental region F for Γ as follows. The fundamental region F is a polygon with an even number of sides which are paired by generators of Γ and labeled accordingly [K1, K2] . Let us denote this generating set by Γ F . Then any oriented geodesic on M can be coded by a biinfinite sequence of elements from Γ F by taking inverses of the generators labeling the sides of the fundamental region F cut by the geodesic. This construction goes back to Morse [M] (see also [K2] and [S1, S3] for details), and we will refer to these sequences as Morse coding sequences which classify oriented geodesics on M . A coding sequence is periodic if and only if the geodesic is closed.
For free groups Γ with properly chosen fundamental regions, all reduced (here it simply means that a generator g does not follow or precede g −1 ) bi-infinite sequences of elements from Γ F are realized as Morse coding sequences of geodesics on M [S3] but, in general, this is not the case. Even for the classical example of Γ = P SL(2, Z) with the standard fundamental region no elegant description of admissible Morse coding sequences is known; a description found in [GL] in terms of forbidden blocks is quite complicated and not particularly enlightening.
Let us review the Morse coding procedure for this classical case. The boundary of F consists of four sides: left and right vertical, identified and labeled by T (T (z) = z + 1) and T −1 , respectively, and left and right circular identified and labeled by S (S(z) = − 1 z ) (see Figure 1) . In this case, the Morse coding sequence of an oriented geodesic γ can be represented by a bi-infinite sequence of non-zero integers. We choose an initial point on the circular part of the boundary of F and move in the direction of geodesic, assigning a positive number to a block of consecutive T 's and a negative number to a block of consecutive T −1 's separated by S's. The bi-infinite sequence of integers
is called the geometric code of γ. Moving the initial point in either direction until its return to one of the circular sides of F corresponds to a shift of the geometric coding sequence [γ] . 
in the positive direction (the sign in the first group of terms is chosen in accordance with the sign of n 1 , etc.) and
in the negative direction [GK] . An oriented geodesic on H (a semicircle or a ray orthogonal to the real axis) connects two points "at infinity" R ∪ {∞}, which are called its repelling and attracting end points and will be denoted by u and w, respectively.
A geodesic γ on M is closed, if and only if it is the projection on M of the axis of a hyperbolic transformation A ∈ P SL(2, Z). In this case, the geometric coding sequence is periodic, and we call the least period [n 1 , n 2 , . . . , n m ], defined up to a cyclic permutation, its geometric code. Moreover, if we choose A such that its axis enters F through the circular boundary, then
For example, the Morse coding sequence of the closed geodesic shown on Figure 1 is
hence the periodic geometric code is [4, −3] . The lift of the geodesic on H shown with a dashed line is the axis of the transformation
The coding sequence of a geodesic passing through the vertex ρ =
2 of F in the clockwise direction is obtained by the convention that it exits F through the right vertical side of F labeled by T [K2] . According to this convention, the geometric codes of the axes of transformations
, [3, 6] and [6, 3] , respectively (see Figures 4, 3, and 6 below). The main results of this paper are the following. We identify a class of biinfinite sequences that are realized as geometric codes (Theorem 1.4) and describe it as a topological 1-step Markov chain; show that the set of all geometric codes is not a finite-step Markov chain (Theorem 2.5) and that the class of admissible geometric codes found in Theorem 1.4 is the maximal 1-step transitive topological Markov chain in the set of all geometric codes (Theorem 2.3). We call the set of geodesics with geometric codes identified in Theorem 1.4 geometrically Markov, and the restriction of the geodesic flow to this set geometrically Markov geodesic flow. In §3 we give a lower bound for the topological entropy of the geometrically Markov geodesic flow (Theorem 3.1).
Let us remark that there is another method of coding geodesics which uses the boundary expansions of the end points of the geodesic at infinity and a certain "reduction theory". It was first applied by Artin [Ar] to the modular group (he used continued fractions for the boundary expansions), used by Hedlund [H] , and developed by Bowen and Series in [BS] and [S1, S3] for other Fuchsian groups. Notably, the most elegant arithmetic code for geodesics on the modular surface was obtained in [K2, GK] using minus continued fraction expansions of the endpoints, and it was interpreted via a particular "cross-section" of SM in [GK] . The set of arithmetic coding sequences was identified in [GK] : in contrast with the set of geometric coding sequences, it is a symbolic Bernoulli system on the infinite alphabet N + = {n ∈ Z, n ≥ 2}. This code is a "relative" of Artin's code. The space of Artin's coding sequecences is a 1-step Markov chain, and can also be interpreted via another cross-section described by Adler and Flatto in [AF1, AF2] .
We are very happy that this article appears in the collection honoring the achievements of Yulij Sergeevich Ilyashenko. An outstanding mathematician, he has made an invaluable contribution into preserving and developing the vitality of the Moscow mathematical school. The world mathematical community owes a great debt of gratitude to him.
Admissible geometric codes
In this section, we give a sufficient condition for a bi-infinite sequence of integers to be realized as a geometric code of a geodesic on M . We start with a preparatory lemma about convergence of "generalized" minus continued fractions. Lemma 1.1. Let {a n }, n = 0, 1, . . . , be a sequence of integers with |a n | ≥ 2 for all n. Then the sequence of rational numbers
Proof. The proof follows the lines of the proof for the case of minus continued fractions [K3] , where a n ≥ 2, for all n ≥ 1. We define inductively two sequences of integers {p n } and {q n } for n ≥ −2:
The following properties are proved by induction (for n ≥ 0):
Properties (i)-(iii)
show that r n = p n /q n for n ≥ 0. Moreover, the sequence r n is a Cauchy sequence because
Hence r n is convergent. Using property (iv), one has
Next we show how fixed points of hyperbolic transformations in P SL(2, Z) are related to "generalized" minus continued fraction expansions. The expression (a 0 , a 1 , . . . , a k ) is used to denote a periodic "generalized" minus continued fraction expansion, with period (a 0 , a 1 , . . . , a k ).
and such that not all n i 's are equal to 2 (or −2), then A is hyperbolic and its fixed points are given by:
Proof. It is enough to prove that A fixes u and w and that u = w. This would imply in particular that A is a hyperbolic transformation. By a direct verification we ob-
. This proves that A fixes w, and similarly one can show that A fixes u. Since not all integers n 1 , n 2 , . . . , n k are equal to 2 (or −2) we have that n 0 − 1 < w < n 0 + 1 and −1 < u < 1, hence w = u. Notice also that if v = (n 1 , n 2 , . . . , n k ) (a finite expression as in Lemma 1.1 ) then A n (v) converges to w. Therefore, w is the attracting fixed point of A and u must be the repelling one.
Theorem 1.4. Any bi-infinite sequence of integers
is realized as a geometric code of a geodesic on M .
Proof. Relation (1.2) is equivalent to saying that the pairs {2,
We will prove that for any sequence x = {. . . , n −1 , n 0 , n 1 , n 2 , . . . } which does not contain forbidden pairs, the geodesic γ(x) with the end points w(x) = (n 1 , n 2 , . . . ) and u(x) = 1/(n 0 , n −1 , . . . ) (we use "generalized" minus continued fractions, here) has the geometric code [γ(x)] = [. . . , n −1 , n 0 , n 1 , n 2 , . . . ]. Since the first return of the geodesic on the circular base of F corresponds to a shift of the geometric coding sequence, it is enough to prove that γ(x) enters F through its circular base and then intersects the regions
, this follows from (1.1); if n 1 = 2, then n 2 ≤ −2, and (n 1 , n 2 , . . . ) > 2; if n 1 = −2, then n 2 ≥ 2, and (n 1 , n 2 , . . . ) < −2. In particular, for a sequence x = {. . . , n −1 , n 0 , n 1 , n 2 , . . . } which does not contain forbidden pairs we have
The proof proceeds with a detailed analysis of the different values n 1 can take.
Case n 1 = 2. In this case n 2 ≤ −2, and n 0 ≤ −2. Therefore
Hence 2 < w(x) < 5/2, and −1/2 < u(x) < 0. This implies that γ(x) satisfies the requirements specified above: it enters F through its base and then traverses T (F ) and T 2 (F ) before intersecting the base of T 2 (F ). Figure 2 illustrates the situation, with γ(x) situated between two geodesics on H: one from 0 to 2, and the other one from −1/2 to 5/2.
Figure 3. Case n 1 = 3
Case n 1 = 3. In this case, n 2 ≥ 6 or n 2 ≤ −2, and n 0 ≥ 6 or n 0 ≤ −2. Then
Repeating this type of argument, one has:
Similarly,
Therefore,
This shows that γ(x) encloses the geodesic on H from u 36 to w 36 , which is the axis of the transformation A 36 = T 3 ST 6 S. Its geometric code is [3, 6] , identified in [K2] as a corner code, because the axis of A 36 passes through the corner ρ =
of F . Figure 3 illustrates the situation: γ(x) enters F through its base and then it cuts T (F ), T 2 (F ), T 3 (F ) before intersecting the base of T 3 (F ).
Case n 1 = 4. In this case n 2 ≥ 4 or n 2 ≤ −2, and n 0 ≥ 4 or n 0 ≤ −2. Hence
and
The geometric situation is presented on Figure 4 : γ(x) encloses the geodesic from u 4 to w 4 whose geometric code is [4] (the corner code corresponding to the axis of
Case n 1 = 5. In this case n 2 ≥ 4 or n 2 ≤ −2, and n 0 ≥ 4 or n 0 ≤ −2. Hence
Figure 5 illustrates this situation: γ(x) encloses the geodesic from 2 − √ 3 to 3+ √ 3, intersecting both F and T 5 (F ), which can be easily verified. Therefore γ(x) enters F through its circular base and then it traverses T (F ),
Figure 5. Case n 1 = 5
Case n 1 = 6. In this case n 2 ≥ 3 or n 2 ≤ −2, and n 0 ≥ 3 or n 0 ≤ −2. Hence
Therefore, γ(x) satisfies the required geometric condition, since it encloses the geodesic from u 63 to w 63 whose geometric code is [6, 3] Case n 1 > 6. In this case n 2 ≥ 3 or n 2 ≤ −2, and n 0 ≥ 3 or n 0 ≤ −2. Hence (3, 6) .
The geodesic γ(x) is enclosed by the geodesic from −1/2 to n 1 + 1/2 and encloses the geodesic fromū = 3 − √ 7 tow = n 1 − (3 − √ 7). The equation of the semicircle fromū tow is
By direct calculations, y > √ 3/2 for x = 1/2, and x = n 1 − 1/2. Therefore the geodesic fromū tow enters F through its circular base and then it cuts the regions T (F ), T 2 (F ), . . . , T n1 F before intersecting the base of T n1 (F ). The same will be true for γ(x).
The situation when n 1 < 0, can be reduced to the previous discussion due to the following observation. If the sequence [. . . , n −1 , n 0 , n 1 , n 2 , . . . ] is the geometric code of a geodesic γ, then [. . . , −n −1 , −n 0 , −n 1 , −n 2 , . . . ] is the geometric code of the geodesic symmetric to γ with respect to the imaginary axis. This is so due to the fact that the fundamental region F is symmetric with respect to the imaginary axis.
Remark 1.5. The class of admissible geometric codes identified in Theorem 1.4 contains the so-called class of positive coding sequences found in [GK] : all bi-infinite sequences of positive integers [. . . , n −1 , n 0 , n 1 , n 2 , . . . ] such that
Following [GK] we call oriented geodesics whose geometric coding sequences are positive, positive geodesics.
Countable topological Markov chains
Let N = {n ∈ Z, |n| ≥ 1}, N Z be the set of all bi-infinite sequences
endowed with Tykhonov product topology, and σ : N Z → N Z the left shift map given by {σx} i = n i+1 . Denote by X the space of all (admissible) geometric codes. X is a σ-invariant subspace of N Z . Let us recall the notion of a k-step topological Markov chain defined on the alphabet N (see for example [KH] ). Definition 2.1. Given an integer k ≥ 1 and a map τ : N k+1 → {0, 1}, the set
with the restriction of σ to X τ is called the k-step topological Markov chain with alphabet N and transition map τ .
Without loss of generality we will always assume that the map τ is essential, i.e. τ (n 1 , n 2 , . . . , n k+1 ) = 1 if and only if there exists a bi-infinite sequence in X τ containing this (k + 1)-block {n 1 , n 2 , . . . , n k+1 }.
The set of all bi-infinite sequences satisfying relation (1.2) of Theorem 1.4 can be described as a 1-step countable topological Markov chain, with the alphabet N and transition map A,
A(n, m) = 1 if |n|, |m| ≥ 2 and |1/n + 1/m| ≤ 1/2 , 0 otherwise.
We will refer to A as a transition matrix in this case, and denote by X A its associated 1-step Markov chain. Notice that X A is σ-invariant and X A ⊂ X.
Remark 2.2. The set X A is strictly included in the set X. For example, [1, −1] is an admissible geometric code (see Figure 7 for the closed geodesic corresponding to the axis of T ST −1 S), but it does not belong to X A . Even if we restrict the alphabet to N = {n ∈ Z, |n| ≥ 2}, we can find admissible geometric codes which do not belong to X A , e.g. [5, 3, −2] , a closed geodesic corresponding to the axis of Figure 8 ). Proof. Consider an arbitrary 1-step Markov chain XĀ ⊂ X, withĀ its (essential) transition matrix. IfĀ(n, m) = 1, then there exists a geodesic γ whose geometric code contains the pair {n, m}. Therefore {−n, −m} will appear in the coding sequence of the geodesic γ symmetric to γ with respect to the imaginary axis, and {m, n} will appear in the coding sequence of the 
For Remark 2.4. Notice that if we restrict the alphabet N to N = {n ∈ Z, |n| ≥ 2}, X A becomes a transitive topological Markov chain, i.e. for any m, n ∈ N there exists a bi-infinite sequence x = {n i } i∈Z ∈ X A and i < j such that n i = m and n j = n.
Theorem 2.5. The space X of geometric codes is not a finite-step topological Markov chain.
Proof. Suppose that X can be represented as a k-step topological Markov chain with transition map τ . Since any k-step Markov chain is obviously (k + 1)-step Markov, we may assume without loss of generality that k is an odd number.
The periodic sequence [2, −1] is not an admissible geometric code, because We will prove that the (k + 3)-periodic sequence [2, −1, 2, −1, . . . , 2, −1, 1, −1] is an admissible geometric code. For that, we consider the transformation
and find the geometric code of its axis. By using the identity ST −1 S = T ST repeatedly, Q 0 may be written equivalently as
hence its fixed points are
One has
This situation is shown on Figure 9 : the axis of Q 0 intersects the circular base of F , then the regions
Thus, the first two numbers of the geometric code of Q 0 are 2, −1.
uQ 0 wQ 0 Figure 9 . The geodesic corresponding to Q 0
In order to find the next entries of the geometric code, one conjugates Q 0 by T 2 ST −1 S and studies the axis of
hence w Q2 and u Q2 satisfy the same estimates as in (2.3), (2.4). This proves that the first two entries of the geometric code of Q 2 are 2, −1, therefore the first four entries of the geometric code of Q 0 are 2, −1, 2, −1. Proceeding similarly, one can show that the first k+1 entries of the geometric code of Q 0 are 2, −1, 2, −1, . . . 2, −1. Now we study the conjugate of Q 0 by
The end points of Q k+1 are w Q k+1 = (3, 4, . . . , 4, 4) − 1 and u Q k+1 = 1 (4, 4, . . . , 4, 3) − 1 .
One has
The geometric situation is shown on Figure 10 : the axis of Q k+1 intersects the circular base of F , and then the regions
. Therefore the first two entries of its geometric code are 1, −1. We proved that the geometric code of Q 0 is indeed [2, −1, . . . , 2, −1, 1, −1] . This is in contradiction with (2.2). Therefore the shift space X of all geometric codes is not a k-step topological Markov chain.
The lifts of oriented geodesics on M to its unit tangent bundle SM are the orbits of the geodesic flow {g t } on SM . We will conclude this section by providing a symbolic representation of {g t } as a special flow over the space of all geometric codes X.
uQ k+1 wQ k+1 Figure 10 . The geodesic corresponding to Q k+1
A cross-section is a subset of SM which each geodesic visits infinitely often both in the future and in the past, therefore it can be identified with the space of all admissible geometric codes X. The following is a particular cross-section B which captures the geometric code. It consists of all unit vectors in SM with base points on the circular sides of F pointing inside F (see Figure 11) , and can be parameterized by (φ, θ) , where φ ∈ [−π/6, π/6] parameterizes the circle arc and θ ∈ [−φ, π − φ] is the angle the unit vector makes with the positive horizontal axis in the clockwise direction. The partition of B corresponding to the geometric code is shown on Figure 12 . Its elements are labeled by the symbols of the alphabet N , B = n∈N C n , and are defined by the following condition: C n = {v ∈ B | n 1 (v) = n}, i.e. it consists of all tangent vectors v in B such that the coding sequence x ∈ X of the corresponding geodesic with this initial vector has its first symbol in the geometric code n 1 (x) = n. Let R : B → B be the first return map. Then n 1 (R(v)) = n 2 (v), i.e. the first return to the cross-section exactly corresponds to the left shift of the coding sequence x associated to v. This provides a symbolic representation of the geodesic flow {g t } on SM as a special flow over (X, σ) with the ceiling function f being the time of the first return to B (see [GK] , §2.2 for a similar construction). The explicit formula for the first return time f (x) is obtained similarly to that in [GK] , Theorem 4: 
where
Some results of this section can be illustrated geometrically since the Markov property of the partition (for exact definition see [Ad] , §6) is equivalent to the Markov property of the shift space.
The elements C n and their forward iterates R(C n ) are shown on Figure 12 . Each C n is a curvilinear quadrilateral with two vertical and two "horizontal" sides, and each R(C n ) is a curvilinear quadrilateral with two vertical and two "slanted" sides. The horizontal sides of C n are mapped to vertical sides of R(C n ), and the vertical where I f (X A ) is the set of all σ-invariant probability measures on X A under which f is integrable, and h µ is the measure-theoretic entropy of the shift map σ on X A with respect to µ.
In order to estimate h({φ t }), we will use a method developed by Polyakov [P] , based on [Sa] . The method requires the countable Markov chain to be a local perturbation of the full Bernoulli shift (i.e. the number of forbidden transitions must be finite), and the first return time function f (x) to depend only on the first coordinate n 1 (x). In order to have these conditions satisfied, we restrict X A to the alphabetÑ = {n ∈ Z | |n| ≥ 3}. LetÃ be the restriction of matrix A toÑ . Hence XÃ is a σ-invariant subspace of X A , and a local perturbation of the full Bernoulli shift on the alphabetÑ . Let {φ t } denote the special flow over (XÃ, f) . If x is in XÃ, then |w(x)| ≤ |n 1 (x)| + 1 (n 2 , n 3 , . . .)
≤ |n 1 (x)| + 1 (3, 6) = |n 1 (x)| + 3 − √ 7 ≤ c|n 1 (x)| , where c = 1 + (3 − √ 7)/3 ≈ 1.11808. Let h c be the topological entropy of the special flow over (XÃ, g c ), where g c (x) = 2 log c|n 1 (x)|. Since f (x) ≤ g c (x), and using (3.1), we have: and functions ψ 1 , ψ 2 , ψ 3 , ψ 4 are given by We used the computer algebra software Maple to perform these computations and obtained h c ≈ 0.84171.
